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Abstract. In this paper, we study the Arens regularity properties of module 
actions and we extend some proposition from Baker, Dales, Lau and others into 
general situations. For Banach A — bimodule B, let Zi(A**), Zg*,(A**) and 
(£?**) be the topological centers of second dual of Banach algebra A, left 
module action -Kg : A X B — > B and right module action iv r : B X A —¥ B, 
respectively. We establish some relationships between them and factorization 
properties of A* and B* . We search some necessary and sufficient conditions for 
factorization of A*, B and B* with some results in group algebras. We extend 
the definitions of the left and right multiplier for module actions. 



1. Preliminaries and Introduction 

In 1951 Arens shows that the second dual A** of Banach algebra A endowed with 
the either Arens multiplications is a Banach algebra, see [1]. The constructions of 
the two Arens multiplications in A** lead us to definition of topological centers for 
A** with respect to both Arens multiplications. The topological centers of Banach 
algebras, module actions and applications of them were introduced and discussed in 
[3, 5, 6, 9, 15, 16, 17, 18, 19, 24, 25]. In this paper, we extend some problems from 
[3, 5, 6, 16, 22] to the general criterion on module actions with some applications in 
group algebras. 

Now we introduce some notations and definitions that we used in this paper. 
Throughout this paper, A is a Banach algebra and A*, A** , respectively, are the first 
and second dual of A. For a € A and a' G A* , we denote by a' a and aa' respectively, 
the functionals on A* defined by (a'a,b) = (a',ab) = a'(ab) and (aa',b) = (a', ba) = 
a'(ba) for all b € A. The Banach algebra A is embedded in its second dual via 
the identification (a, a') - (a', a) for every a € A and a' G A*. We denote the set 
{a'a : a G A and a' G A*} and {aa' : a G A and a' G A*} by A* A and AA*, 
respectively, clearly these two sets are subsets of A*. 

The extension of bilinear maps on normed space and the concept of regularity of 
bilinear maps were studied by [1, 2, 5, 6, 9]. We start by recalling these definitions as 
follows. 

Let A, Y, Z be normed spaces and m : X x Y — > Z be & bounded bilinear mapping. 
Arens in [1] offers two natural extensions m*** and m'**** of m from X** x Y** into 
Z** as following 

1. m* : Z* x X -> Y*, given by (m*(z',x),y) = {z 1 \m(x,y)) where x G X, y G Y, 
z' G Z*, 

2. m** : Y** x Z* ->■ X*, given by (m**(y", z'), x) = (y", m*{z', x)) where x G X, 
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y" 6 Y**, z' G Z*, 

3. m*** : X** x Y** Z**, given by (to***(.t", y"), z') = (x", m**(y", z')) 
where x" G X**, y" G F**, z' G Z*. 

The mapping m*** is the unique extension of m such that x" — > m***(x" , y") from 
X** into Z** is weak* — to — weak* continuous for every y" G Y** , but the mapping 
y" to***(x", y") is not in general weak* - to — weak* continuous from y** into Z** 
unless x" £ X. Hence the first topological center of m may be defined as following 

Z\(ra) — {x" G X** : y" — > m***(x", y") is weak* — to — weak* continuous}. 

Let now m* : Y x X — > Z be the transpose of m defined by m t {y 1 x) = m{x,y) for 
every a; G X and y GY. Then m* is a continuous bilinear map from Y x X to and 
so it may be extended as above to to**** : F** x X** — > Z**. The mapping m t *** t : 
X** x Y** — > Z** in general is not equal to m***, see [1], if to*** = m t *** t , then 
to is called Arens regular. The mapping y" — > m t *** t (x" , y") is weak* — to — weak* 
continuous for every y" G Y**, but the mapping x" — > m t *** t (x", y") from X** into 
Z** is not in general weak* — to — weak* continuous for every y" G Y** . So we define 
the second topological center of to as 

Z'liyn) = {y" G Y** : x" — > to*****(x", y") is weak* — to — weak* continuous} . 

It is clear that to is Arens regular if and only if Z\(m) = X** or Z^im) = Y** . Arens 
regularity of to is equivalent to the following 

limlim(z', m{x il yj)) — limlim(z', m{x il yj)}, 
i j j i 

whenever both limits exist for all bounded sequences (xi)i G X , {y{)i G Y and 
z' G Z*, sec [5]. 

The mapping to is left strongly Arens irregular if Z\ (to) = X and to is right strongly 

Arens irregular if ^(to) = Y. 

Let now B be a Banach A — bimodule, and let 

7r £ : Ax B — > _B and 7r r : B x A ^ B. 

be the left and right module actions of A on £?, respectively. Then B** is a Banach 
A** — bimodule with module actions 

7r £ : A x B — > B ana ir r : B x A — > B , 

Similarly, B** is a Banach A** — bimodule with module actions 

tt|* *** : A** x 5** -> £** and tt***** : B** x A** -> 5**. 

We may therefore define the topological centers of the left and right module actions 
of A on B as follows: 

Z{^i) = {a" G A** : the map b" n* e **(a",b") : B** -> B** 

is weak* — to — weak* continuous} 
Z(7r*) = {a" G A** : the map b" tt**** {a" ,b") : B** -> 5** 

is weak* — to — weak* continuous} 
Z(n r ) = {b" eB** : the map a" <"(&", a") : A** B** 



Z A ..(B**) = 
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is weak* — to — weak* continuous} 

Z A „(B**) = Z{-k\) = {b" e B** : the map a" 7ij* **(b", a") : A** -> B** 

is weak* — to — weak* continuous} 

We note also that if B is a left(resp. right) Banach A — module and %i : A x B — >• 
B (resp. 7r r : B x A — >• £>) is left (resp. right) module action of A on B, then £?* is 
a right (resp. left) Banach A — module. 

We write ab = ivi(a, b), ba = ir r (b, a), 717(0102, b) = nt(ai,a,2b), 

TT r (b, aia 2 ) = 7r r (601,02), TT^(a 1 b',a 2 ) = 7r|(6', 0201), TT*(b'a, b) = 7r*(6',o6), 

for all oi, 02, a £ A, b £ B and b' € B* when there is no confusion. 

Regarding A as a Banach A — bimodule, the operation it : A x A — > A extends to it*** 

and 7r****' defined on A** x A**. These extensions are known, respectively, as the 

hrst(left) and the second (right) Arens products, and with each of them, the second 

dual space A** becomes a Banach algebra. In this situation, we shall also simplify our 

notations. So the first (left) Arens product of a",b" 6 A** shall be simply indicated 

by a" b" and dchncd by the three steps: 

{a 1 a, b) = (a', ab), 

{a" a', a) = (a", a' a), 

{a"b",a') = {a",b"a'). 

for every a, b g A and a' G A*. Similarly, the second (right) Arens product of 
a", b" S A** shall be indicated by a"ob" and defined by : 

(ooo , b) = (a', ba), 

(a'oa",a) = (a",aoa'), 

{a"ob",a') = (b",a'ob"). 

for all a, b £ A and a' 6 A*. 

The regularity of a normed algebra A is defined to be the regularity of its algebra 
multiplication when considered as a bilinear mapping. Let a" and b" be elements of 
A**, the second dual of A. By Goldstincs Theorem [4, P.424-425], there are nets 
(a a )a and (bp)p in A such that a" = weak* — lim a a a and 6" = weak* — limp bp. So 
it is easy to see that for all a' £ A* , 

limlim(a', 7r(a a , 6a)) = (a"b",a') 

a p 

and 

limlim(a', 7r(a Q , 6«)) = (a"ob" ,a'), 

13 a 

where a"b" and a" ob" are the first and second Arens products of A**, respectively, 
sec [16, 20]. 

We find the usual first and second topological center of A** , which are 

Z X {A**) = Z A „(A**) = Z(ir) = {a" e A** : b" -> a"b" is weak* -to- weak* 

continuous} , 

Z 2 {A**) = Z^.iA**) = Z(7r*) = {a" £ A** : a" a" ob" is weak* -to- weak* 

continuous} . 
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Recall that a left approximate identity (= LAI) [rcsp. right approximate identity 
(= RAI)] in Banach algebra A is a net (e a )a£i in A such that e a a — > a [resp. 
ae a — > a]. We say that a net (e a ) Qe / C A is a approximate identity (= A/) for A 
if it is LAI and RAI for A. If (e Q ) Q(£ j in A is bounded and AI for ^4, then we say 
that (e a ) al =i is a bounded approximate identity (= BAI) for A. Let A have a BAZ". 
If the equality A* A = A*, (AA* = A*) holds, then we say that A* factors on the left 
(right). If both equalities A* A = AA* = A* hold, then we say that A* factors on 
both sides. 

An element e" of A** is said to be a mixed unit if e" is a right unit for the first Arens 
multiplication and a left unit for the second Arens multiplication. That is, e" is a 
mixed unit if and only if, for each a" E A**, a"e" = e"oa" = a". By [4, p. 146], an 
element e" of A** is mixed unit if and only if it is a weak* cluster point of some BAI 
(e a )aei in A. 

2. Factorization property and topological centers of module actions 

Baker, Lau and Pym in [3] proved that for Banach algebra A with bounded right 
approximate identity, (A* A) 1 - is an ideal of right annihilators in A** and A** = 
{A* A) © (A* A)- 1 . In the following, for a Banach A - bimodule B, we study the 
similar discussion on the module actions and for Banach A — bimodule B, we show 
that 

B** = (B*A)* (B*A) ± . 



Theorem 2-1. Let B be a Banach A — bimodule and A has a BRAI. Then the 
following assertions are hold: 

i) (B* A) 1 - = {b" E B** : 7r £ ***(a",6") = for all a" E A**}. 

ii) (B*A)* is isomorphism with HomA(B* , A*). 

Proof, i) Let b" e (B*A) JL . Then for all b' E B* and a e A, we have 

(7rr(6",6'),o> = <6",7r;(6',o)) = 0, 

it follows that for all a" e A**, we have 

(Trf *(a",b"),b') = (a",TT* £ *(b",b')) = 0. 

Conversely, let b" 6 B** such that 7r|**(a",6") = for all a" E A**. Then for all 
a E A and b' E B* , we have 

(6", 7r| (&', a)) = (ir2*(b",b'),a) = {a,-K* t * (b" ',&')) = (nt**( a > b "), b ') = °> 
which implies that 6" S (B'i) 1 . 

ii) Suppose that 6" e £?**. We define T 6 » 6 Hom A (B*,A*), that is, T b »fc' = 
7r"(&",6'). ThenA = fe" — > Tf,» is linear continuous map from B** into Horn a{B* , A*) 
such that 

iferA = {b" E B** : ir* e *(b',b") = for all b' E B*}. 
Consequently, b" E KerA if and only if 

(&",7r £ *(&',a) = {%T{b",b'),a) =0, 



where b' £ B* and a £ A. It follows that b" £ (B*A) ± . Since (B* A)* £S rjf, A) x , the 
continuous linear mapping A from (B* A)* into HorriA{B* , A*) is injective. 
Conversely, suppose that T G Hoitia(B* , A*) and e" <G ^4** is any right identity for 
A**. We define b'^ £ B** such that for all b' , we have 

(b'+,b') = (e",Tb'). 

It is clear that the linear mapping T — > b'^ is continuous. For all a £ A, we have 
(7r;*(&£,,&V) = (b'^,7rl(b',a)) = (e" ,Tn* e (b' , a)) = (e",(Tb')a) 

= (ae",Tb') = (Tb',a). 

Consequently, 7r"(6y,6') = Tb'. It follows that the linear mapping T — > b'^ — > T h ^ 
is the identity map and consequently the isomorphism between HomA^B* , A*) and 
(B*A)* is established. 

□ 

By using proceeding theorem we observe that HomA{B* , A*) has an right identity. 
Also if B = A, we obtain Theorem 1-1 from [3]. 

Corollary 2-2. Let B be a Banach A — bimodule and let e" be any right iden- 
tity of A**. Then e" B** = (B*A)* and (B*A) A - = {b" - e"b" : b" £ B**}. Thus 
B** = (B*A)* © (B*A) J -. 

Example 2-3. Let G be a locally compact group. Let 1 < p < oo and | + i = 1. 
Then by using Theorem 2-1, we conclude that 

(L P (G) * L 1 (G)) X = {6 e L q (G) : a"b = for every a" £ L°°(G)}, 
(L P (G) * L 1 (G))* = Hom L i( G )(L p (G), L°°(G)). 



Theorem 2-4. Assume that B is a left Banach A — module and A has a .BAZ". Then 
we have the following assertions. 

(1) If B* factors on the left and B** has a left unit as A** - module, then 
(B*) 1 - = 0. 

(2) If B* not factors on the left and e" is a left unit as A** — module in £**, then 



e 



" £ Z e B ,«(A**). 



Proof. (1) Let a £ A, b' £ B* and b" £ (BM) 1 . Then 

(&",&')>«) = ( b ",^(b',a)) =0. 
Thus, for all b" £ A**, we have 

(■K?*{a" : b"),b') = (a",ir* e *(b",b')) = 0. 



(i 



It follows that n* e **(a", b") = 0. 

Now let e" <G A** be a left unit as A** — module for B**, then we have 
b" = 7r;**(e",6") =0. 

Thus proof hold. 

(2) Assume a contradiction that e" G Z B **(A**). Take b" G (BM) 1 . Then 
6" = n* e **(e",b") = 7rf***(e",&"). 

Let (e a ) Q C A such that e Q ^> e" and let b e B, b' e B*. Then 
(7rf*(e", &'),&) = (e" ,4*(b' ,b)) = lim a (7rf(b' ,b),e a ) 
= lim a {b' , 7r|(6, e Q )} = lim a {b', Tr e (e ai b)) = lim a (n^(b' , e a ), b) 
It follows that 

io* - lim a TT* e (b',e a ) = tt|* *(e",6')- 
Let (6,3)0 C B such that 6/3 H> 6". Then 
(&",&'} = {■K t e *** t (e",b"),b') = (%l***(b",e"),b') = {b",irj**(e",b')) 
= limp(irl** (e" , b'), bp) = limplim a (-?Vg (b 1 ', e a ),bp) 
= limplim a (b' ,TT^{e a ,bp)) = lim a limp(b' ' ,Tr e (e a ,bp)) 
= lim a (b',TT***(e a ,b")) = lim a (TT* e **(e a ,b"),b'} 
= lim a (e a ,rf* (b",b')) = lim a (b",Tr^(b',e a )) = 0. 
It follows that (B*A) ± = 0. By using Corollary 2-2, we have B** = (B*A) ± ® 
(B*A)*, and so B** = (B* A)* . Now since B* A ^B*,by Hahn Banach theo- 
rem, there is ^ b" G B** such that b"\ B *A = 0. It follows that b" G (B*A) ± 
which is contradiction. 

□ 

Corollary 2-5. For a left Banach A — module B, we have the following statements. 

(1) If WJ = B* and B** has a left unit as A** - module, then (B*) 1 - = 0. 

(2) If WA ^ B* and e" is a left unit as A** -module in £?**, then e" £ Z B „ (A**). 
Proof is similar to Theorem 2-4. 

Corollary 2-6. Assume that B is a left Banach A — module and B** has a left unit 
A** - module. UWA^B*, then Z|;«(A**) ^ A**. 

In the proceeding corollary, take B = A and assume that A* not factors on the 
left. Then, if A has a LBAI, we conclude that A is not Arens regular. 

Example 2-7. Let G be a locally compact group, by using Corollary 2-6, we have 
the following inequality 

Zl HGr ,(M(G)**) ^ M(G)** , Z^ G y,(L 1 (G)**) ^L X {G)**. 
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Thus i 1 (G) and M{G) are not Arens regular. 

Baker, Dales, Lau, Pym and Ulger in [3, 5, 6, 16] have studied topological center 
of some Banach algebras and they have solved some problems related to module 
homomorphism and topological centers of Banach algebras. In the following we extend 
some problems of them into module actions with some new result and applications in 
group algebras. 

Throughout this paper, the notations WSC is used for weakly sequentially complete 
Banach space A, that is, A is said to be weakly sequentially complete, if every weakly 
Cauchy sequence in A has a weak limit in A. 

Assume that B is a Banach A — bimodule. We say that B factors on the left (right) 
with respect to A if B = BA (B = AB). We say that B factors on both sides, if 
B = BA = AB. 

Suppose that A is a Banach algebra and B is a Banach A — bimodule. According 
to [28] B** is a Banach A** — bimodule, where A** is equipped with the first Arens 
product. We define B*B as a subspace of A, that is, for all b' G B* and b G B, we 
define 

(b'b,a) = (b',ba); 

We similarly define B*** B** as a subspace of A** and we take A^ = A and B^ = B. 
Let B be a left Banach A — module and (e a ) a C A be a LAI [resp. weakly left ap- 
proximate identity(=WLAI)] for A. We say that (e a ) a is left approximate identity 
(= LAI)[ resp. weakly left approximate identity (=W LAI)] for B, if for all 6 e B, 
we have TTg(e a , b) — > b ( resp. ng(e a , b) —> b). The definition of the right approximate 
identity (= RAI)[ resp. weakly right approximate identity (= WRAI)] is similar. 
We say that (e a ) a is a approximate identity (= AI)[ resp. weakly approximate iden- 
tity (VFAZ")] for B, if B has left and right approximate identity [ resp. weakly left 
and right approximate identity ] that are equal. 

Let B be a left Banach as A — module and e be a left unit element of A. Then we 
say that e is a left unit (resp. weakly left unit) as A — module for B, if ire(e,b) = b 
(resp. (&', tti (e, b)) — (6', b) for all b' G B*) where b G B. The definition of right unit 
(resp. weakly right unit) as A — module is similar. 

We say that a Banach A — bimodule B is an unital, if B has the same left and right 
unit as A — module. 

Lemma 2-8. Let B be a Banach A— bimodule. Suppose that A has a BAI (e a ) a C A. 
Then 

(1) B factors on the left if and only if 7r r (&, e a ) —> b for every b G B. 

(2) B factors on the right if and only if ne(e a , b) A b for every b G B. 

(3) If B* factors on the right, then 7r r (6, e a ) —> b for every b G B. 

Proof. (1) Suppose that B factors on the left. Then for every i e B, there are 
y G B and a G A such that b = ya. Thus for every b' G B*, we have 

(b',ir r (b,e a )) = (b',Tr r (ya, e a )) = {b',Tr r (y,ae a )) = (ir*(b', y), ae a ) 
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^(7r* r (b',y),a) = (b',ya) = (b',b). 
It follows that ir r (b, e a ) —> b. 

Conversely, by Cohen's factorization Theorem, since BA is a closed subspace 
of B, the proof is hold. 

(2) Proof is similar to (1). 

(3) Assume that B* factors on the right with respect to A. Then for every b' e B* , 
there arc y' G B and a G A such that b' = ay'. Consequently for every b G B, 
we have 

(b',ir r (b,e a )) = (ay',ir r (b,e a )) = (y' ,ir r (b,e a )a) = (y',ir r (b,e a a)) 
= (i"*(y',&),e a a) (ir*(y',b),a) = (y',ir r (b,a)) = (ay',b) 
= (b',b). 

It follows that 7r r (b, e a ) —> b. 

□ 

In the proceeding theorem, if we take B = A, then we obtain Lemma 2.1 from [16]. 

Theorem 2-9. Let B be a Banach A — bimodule and A has a sequential WBAI. 
Then we have the following assertions. 

(i) Let B* be a WSC and A* factors on the left. Then 

(1) If B factors on the right, it follows that B* factors on the left. 

(2) If B* factors on the right, it follows that B factors on the left. 

(ii) Let B**B* = A** A*. Then A* factors on the left if and only if B* factors on the 
left. 

(hi) Suppose that A is WSC and B factors on the left (resp. right). If B*B = A*, 
then we have the following assertions. 

(1) A is an unital and B has a right (resp. left) unit as Banach A — module. 

(2) A* factors on the both side and B* factors on the right (resp. left). 

(3) B** S (AB*)* (resp. B** ^ (B* A)*). 

Proof, i) 1) Assume that b" G B** and b' G B*. Since A* factors on the left, there 
are a' G A* and a € A such that b"b' — a'a. Suppose that (e n )« C A is a sequential 
WBAI for A. Then we have 

(b",b'e n ) = (b"b',e n ) = (a'a,e n ) = {a',ae n } -t (a', a). 

It follows that the sequence (b'e n ) n is weakly Cauchy sequence in B*. Since B* is 
WSC, there is x' G B* such that b'e n —> x' . On the other hand, since B factors on 
the right, by using Lemma 2-8, for each b G B, we have e n b b. Then we have 

(a;', b) = lim(6'e„, b) = lim(6', e n b) = (&', b). 

n n 

It follows that x' = b', and so by Lemma 2-8, B* factors on the left, 
i) 2) Proof is similar to part (1). 
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ii) Let a" G A** and a' € A*. Then there are b" 6 5** and 6' G B* such that 
6"6' = aV. Then 

(a",a'e n ) = (a"a',e n ) = (b"b',e n ) = (b",b'e n ). 
Thus, by Cohen's factorization theorem, proof hold. 

iii) 1) Suppose that (ek)k Q A is a sequential WBAI for A. Let a' G A*. Since 

= A*, there are 6' £ B* and deB such that b'b = a'. Since £? factors on the 
left, there are y G B and a E A such that 6 = ya. Then we have 

(a',e fe ) = (b'b,e k ) = (b',be k ) = (b',yae k ) 
= (b'y,ae k ) -> (b'y.a) = (6',ya) 

This shows that the sequence (ek)k Q A is weakly sequence in A. Since A is WSC, it 
convergence weakly to some element e of A. Then, for each x £ A, we have 

xe = x(w — limeij.) = w — limm = a. 

k k 

It is similar to that ex = x, and so A is unital. 
Now let b € B, then 

(b',be) = (b'b,e) = lim(b'b,e k ) = lim(b',yae k ) 
= lim(b'y,ae k } ->• (b'y,a) = (b',b). 

k 

Thus be = b for all b € B. 

iii) 2) By using part (1) and [16, Theorem 2.6], it is clear that A* factors on the 
both side. Now let b' G B* and b G B. By part (1), set e G A as a left unite element 
of B. Then 

(eb',b) = (b',be) = (b',b). 
It follows that eb 1 = b'. Thus B* factors on the right. 

iii) 3) Now let b" G (AB*)^ . By using part (2), since B* factors on the right, for 
every b' G B* there are x' G B* and a £ A such that b' = ax'. Then 

(b", b') = (b",ax') = 0. 

It follows that b" = 0. It follows that (AB*) 1 - = {0}. Therefore by using Corollary 
2-2, we are done. 

□ 

In the proceeding theorem if we take A = B, then we have the following statements: 
Let A has a sequential WBAI and Suppose that A is a WSC. Then 

(1) A* factors on the left (resp. right) if and only if A* factors on the right (resp. 
left), see [16]. 

(2) A* factors on the left (resp. right) if and only if A is an unital, see [16]. 

(3) If A* factors on the left (resp. right), then (AA*) 1 - = A** (resp. (A* A) 1 - = 
A**). 
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Example 2-10. 

i) Let G be a locally compact groups. Take B = co(G) and B* = A = ^(G). Since 
e 1 (G)£ 1 (G) = £ X (G), by proceeding theorem we have c Q (G)l L (G) = c {G). 

ii) Let uj : G — >• K+ \ {0} be a continuous function on a locally compact group G. 
Suppose that 

L\G tU ) = {/ » Borel — able : || / ]]„= / | f(s M s) | ds < oc } , see [6]. 

Let X be a closed separable subalgebra of i 1 (G, w). Then by using [6, Theorem 7.1] 
and [24, Lemma 3.2], X is WSC and it has a sequential BAI, respectively. Therefore 
by above results if X*X = X* , then X is unital and (XX*) 1 - = {0}. On the other 
hand, if the identity of G has a countable neighborhood base, then L 1 (G, w) has a 
sequential BAI. Now let L 1 (G, u)* = L°°(G, factors on the left. Hence 

LC/G(G, -) = L°°(G, -)L 1 (G,w) = L°°(G, -), 

where L°°(G, ^) = {/ is Borel measurable : || / ||oo,u = ess sup se c ^[gj < °°}- 
Consequently by above results, L 1 (G,w) is unital and RUC(G, ^ = {0}, where 

RUC(G, -) = L X (G, lo)L°°(G, -). 
Thus L l {G,u)** = RUC(G, 

Theorem 2-11. Suppose that B is a left Banach A — module and it has a WLBAI 
(e a ) a C A. Then we have the following assertions. 

(1) B factors on the left. 

(2) If A* factors on the left, then B* factors on the left. 

Proof. (1) By using Lemma 2-8, proof hold. 

(2) Let b" 6 B** and b' <E B* . Since rf*(b",V) £ A* and A* factors on the 
right, there are a' G A* and a e A such that 7r"(6",6') = a'a. Without loss 

generality, we let e a —> e" where e" left unit for A**. Then for every b E B, 
we have 

«***(&', e"),b) = (6',7rr*(e",&)) - lim(&', n t (e a b)) = (b',b). 

a 

It follows that 7r|***(&', e") = b' . Now, we have the following equality 
(b",wUb',e a )-b') = (b",nr**(b',(e a -e"))) 

= ( b ) J 3 (e Q - e )) = (7r £ (6 , & ), (e Q - e )) 

= (a'a, (e a — e )) = (a', ae Q — ae ) 
= (a', ae a — a) — >• 0. 
It follows that 7r|(&', e Q ) A 6', and so by Cohen's factorization, we are done. 

□ 
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Theorem 2-12. Suppose that B is a right Banach A — module and it has a RBAI 
{&a)a C A. Then we have the following assertions. 

(1) B factors on the right. 

(2) Let Z l A „(B**) = B**. If A* factors on the right, then B* factors on the right. 

Proof. (1) By using Lemma 2-8, proof hold. 

(2) Let 6" G B** and b' G B*. First we show that n**** (6', b") G A*. Suppose 

that (o£) Q C ,4** such that a£ ^ a". Since = £?**, for each 

b" G 5**, we have <**(&", <) ^> <**(&", a"). Then 

(7T r (6 ,6 ),a Q ) = (7r r (6 ,aj,6) (7r r (6 , a ), 6 ) = {n r (6,6), a). 

Consequently <***(&', 6") G (A**, weak*)* = A*. Since A* factors on the 
right, there are a' G A* and a G A such that 7r****(6', 6") = a' a. Without loss 

generality, we let e a ^> e" where e" right unit for A**. Then for each b E B, 
we have 

(n* r *(e",b'),b) = (b , ,n* r **(b,e"))=]im(b',n r (b,e a )) = (b',b). 

a 

It follows that 7r**(e", V) = 6'. Now we have the following equality 
(6",<(e Q ,6')-6'} = (b"X*(e a ,b')-TT* r *(e",b')) 
= (K***(b',b"),e a -e") = (a'a,e a -e") 
= (a' , ae a — ae") = (a', ae a — a) — > 0. 
Thus 7r**(eQ,,6') — > 6'. Consequently by Cohen's factorization, we are done. 

□ 

Corollary 2-13. Suppose that B is a Banach A — bimodule and it has a BAI 
(fia)a £ -A- Then we have the following assertions. 

(1) B factors. 

(2) Let Z A „{B**) = B**. If A* factors on the both side, then B* factors on the 
both side. 



Example 2-14. Assume that G is a locally compact group. We know that L 1 (G) 
is a M(G) - bimodule. Since M{G)L 1 {G) ^ M(G) and L 1 (G)M(G) ^ M(G), by 
using Theorem 2-11 and 2-12, we conclude that every LBAI or RBAI for L 1 (G) is 
not LBAI or RBAI for M(G), respectively. 

Definition 2-15. Let B be a left Banach A — module. Then B is said to be left 
weakly completely continuous (= Lwcc), if for each a £ A, the mapping 6 — > 7r^(o, 6) 
from B into B is weakly compact. The definition of right weakly completely contin- 
uous (= Rwcc) is similar. We say that B is a weakly completely continuous (= wee), 
if B is Lwcc and Rwcc. 
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Theorem 2-16. Let 6 be a left Banach A — module and for all a G A, L a be 
the linear mapping from B into itself such that L a b = ire(a,b) for all b G B. Then 
AB** C B if and only if L a is weakly compact. 

Proof. Assume that AB** C B. We take L* a as the adjoint of L a . It is easy to show 
that L* a b' = Tr*(b', a) for all b' e B* . Then for every b" e B** , we have 

(L* a *b",b') = (b",L* a b') = (ftVW.a)) = «*(&",&'), «) 
= (o,7rr(6",6')> = (7rr(o,6")»&')- 

It follows that 

= ir**(a,b"). 

Let (6' a ) Q C B* such that b' a ^ 6'. Since TT* e **(a,b") G B, we have 

(b",L* a b' a ) = (L* a *b",b' a ) = (n* e **(a,b")X) = fa" WW) = (b",L* a b'}. 

We conclude that L* is weak* — to — weak continuous, so L a is weakly compact. 
Conversely assume that b" G B** . Then by Goldstine>s theorem [9, P.424-425], 

there is a net (b a ) a C _B such that 6 Q ^> 6". Since for all a G A, the operator i a is 
weakly compact, there is a subnet (b afj )p from (6 Q ) Q such that (L a (b af3 ))p is weakly 

convergence to some point of B. Since b a ^> 6", (L a (b afj ) = n(a,b a? ))ff is weakly 
convergence to ir^**(a 1 b"). Consequently, for all b' G B*, we have 

(•7r|**(a, &"),&') = Umi3(b',Tv(a,b ap )} = limp(b', L a b af) )). 

It follows that ti-;** (a, 6") G S. 

□ 

For a right Banach A — module B, we can write Theorem 2-16 as follows. 
Assume for all a G A, R a be the linear mapping from B into itself such that 
R a b = 7r r (6, a) for all b e B. Then £?**A C _B if and only if R a is weakly com- 
pact. Proof of this assertion is similar to proof of Theorem 2-16. 

Corollary 2-17. 

i) Suppose that B is a left Banach A — module. Then AB** C B if and only if £? is 
Lwcc. 

ii) Suppose that B is a right Banach A — module. Then B**A C £? if and only if _B 
is Rwcc. 

Corollary 2-18. Let A be a W5C Banach algebra with a BAT. If A is Arens regular 
and A is a left ideal in its second dual, then A is reflexive. 

Proof. Since A is a left ideal in A**, by using proceeding corollary, A is Lwcc. Then 
by using Corollary 2.8 from [16], we are done. 

□ 
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Example 2-19. 

i) Let G be a compact group. Then we know that i 1 (G) is a left ideal L 1 (G)** (resp. 
M(G)**), and so by Corollary 2-18 (resp. Corollary 2-17), L\G) (resp. M{G)) is a 
Lwcc. 

ii) Corollary 2-18 shows that if G is a finite group. Then L 1 (G) and M(G) are reflex- 
ive. 

iii) Let G be a locally compact Hausdorff group. Let X be a subsemigroup of G which 
is the clouser of an open subset, and which contains the identity e of G. Let Z be a 
closed two-sided proper ideal in X with the property that X\Z is relatively compact. 
Let 5 be the quotient of X obtained by identifying all points of Z, more formally, for 
x, y G X write x ~ y if either x = y or both x ^ Z and y (z Z and write S 1 = X/ ~. 
By using Corollary 3.3 from [21], ^(S) is an ideal L 1 (S')**, and so by using Corollary 
2-17, L 1 ^) is a Lwcc. 

Theorem 2-20. Let A be a WSC Banach algebra with a BAI. If A is Arens regular 
and A is a right ideal in its second dual, then A is reflexive. 

Proof. Proof is similar to Corollary 2-18. 

□ 

Definition 2-21. Suppose that B is a left Banach A — module. Let (e a ) a C i be 
left approximate identity for A. We say that (e Q ) Q is weak* left approximate identity 

(= W*LAI) for B*, if for all b' G B* , wc have n e (e a ,b') K b' . The definition of the 
weak* right approximate identity (= W* RAI) is similar. 

Wc say that (e a ) a is a weak* approximate identity (= W* AI) for _B*, if B* has weak* 
left and right approximate identity that are equal. 

Ulger in [22] shows that for a Banach algebra A with a BAI, if A is a bisded ideal 
in its second dual, then AA* = A* A and if A is Arens regular, then A* factors on the 
both side. In the following, we extend these problems for module actions with some 
results in group algebras. 

Let B be a left Banach A — module. Then, b' G B* is said to be left weakly almost 
periodic functional if the set {~Kg{b' ,a) : a G A, \\ a ||< 1} is relatively weakly 
compact. We denote by wape(B) the closed subspacc of B* consisting of all the left 
weakly almost periodic functionals in B* . 

The definition of the right weakly almost periodic functional (= wap r {B)) is the same. 
By [5, 16, 20], the definition of wapg(B) is equivalent to the following 

(Trf* («">&")>&') = (4*** t (a" > b"),b') 
for all a" e A** and b" e B** . Thus, we can write 

wape(B) = {b' e B* : (ir* e ** (a" ,b"),b') = {nf ***(a", b"), b') 
for all a" G A**, b" G B**}. 
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By using [20], b' G wapt(B) if and only if for each sequence (a n ) n Q A and 
(b m )m C B and each b' <E B* , we have 

limlim(6',7r^(a„,6 m )) = limlim(6', irt (a n , 6 m )), 

m n n m 

whenever both the iterated limits exist. 

It is clear that wa Pi (B) = B* if and only if Z e A „ (B**) = B**. 

Definition 2-22. Let B be a left Banach A — module and ^4 has a i?Af as (e a ) a . 
We introduce the following subspace of B*. 

£(B*) = {b' e B* : n* e (b',e a ) 4 b'}. 

Let B be a right Banach A — module and A has a B^LT as (e Q ) Q . Such as proceeding 
definition, we introduce the following subspace of B* . 

S(B*) = {6'eB* : 7r**(6',e Q )4 6'}. 

If £(B*) = B* (resp. 5R(S*) = B*), then it is clear that (e a ) a C ^ is a weakly right 
(resp. left) approximate identity for B* . Therefore by using Lemma 2-8, £(B*) = B* 
(resp. K(-B*) = AB*) if and only if B* factors on the left (resp. right). 



Theorem 2-23. Let B be a left Banach A — module and A has a RBAI as (e Q ) Q . 
Then we have the following assertions. 

i) £{B*) = B* A. 

ii) wapi(B) C £(B*), if -B* has W*LAI as A — module (e ) Q . 

Proof, i) Let : A x £? — > £? be the left module action such that ire (a, b) = afo for all 
a E A and 6 e B. Thus for every a £ 4, d' € B* and b" £ £?**, we have 

(b",ir^(b'a,e a )) = (b", 7r|(6', ae a )) = (n^*(b", 6'), ae Q ) -> (7r|* (t>", 6'), a) 

= (6" J 7r;(6',a)> = (6",6'a). 

It follow that n^(b'a,e a ) 4 6'a and so 6'a £ £(B*). For reverse inclusion, since by 
Cohews factorization theorem, we have B* A is a closed subspace of £?*, £(B*) C £?* A 

ii) Let 6' G wape(B). Since (e Q ) Q is W*LAI for _B*, 7r|(6', e a ) ^> 6'. Also the set 
{71^(6', e Q ) : a € /} is relatively weakly compact which implies that 7r|(6',e Q ) —> b' . 

□ 

Corollary 2-24. Let B be a left Banach A — module and ^4 has a RBAI and 
Z A ,*(B**) = B**. If B* has W*LAI, then B* factors on the left. 



Example 2-25. 

i) Let G be a finite group. Then, by using proceeding corollary, we conclude that 
L ca {G)M{G) = RUC{G) = L°°(G). 

ii) Let G be an infinite compact group. Since i 1 (G) has a i?AT, L°°(G) has a W*BAI. 
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By using Proposition 4.4 from [22], we know that wap^L 1 (G)) = C(G). Thus, by us- 
ing proceeding theorem, C{G) C £(L°°(G)). 

Theorem 2-26. Let B be a right Banach A — module and A has a LBAI as (e Q ) Q . 
Then we have the following assertions. 

i) 3?(B*) = AB*. 

ii) wap r (B) C 3l(B*), if B* has W*RAI A - module {e a ) a . 
Proof. Proof is similar to Theorem 2-23. 

□ 

Corollary 2-27. Let B be a right Banach A — module and A has a BAI as (e Q ) Q . 
If B factors on the left, then wap r (B) C K(B*). 

Proof. Let b £ B and b' £ B* . Since B factors on the left, there are oG/4 and y £ B 
such that 6 = ya. Then 

«*(&', e Q ), 6) = <&',<(e Q ,&)> - (6', 7r r (6, e a )> = (6 / > 7r r (i/o,e a )) 

= (K(b',y) 7 ae a ) -> «(6',y),a) = (6',ya) = (6', 6). 

It follows that 7r**(6', e Q ) ^> 6'. Then by using Theorem 2-26, we are done. 

□ 

Corollary 2-28. Let B be a right Banach A — module and A has a BA/ and 

= B**. If B* has W*RAI A - module, then B* factors on the right. 

Theorem 2-29. We have the following statements. 

(1) Let B be a left Banach A - module. If AS** C B, then B*A C wapg(B). 

(2) Let B be a right Banach A - module. If B**A C B, then AB* C wap r (B). 

Proof. (1) By Theorem 2-17, we know that B is Lwcc. Let o£ A and suppose 
that L a is the mapping from B into itself by definition L a (b) = 717(0,6) for 
each b £ B. By easy calculation, it is clear that (L a )*(b') = n^(b',a). Since 
L a is weakly compact, (£ )* is weakly compact. Then the set 

{{L a )*(*W,x)): xeA,}, 

is weakly compact. Now let x £ A\ and y £ B. Then we have the following 
equality 

((L a )*(ir}(b',x)),y) = (ir* e (b',x),L a (y)) = s), ^(a, y)} 

= (i"l(7r;(&',a:),a),y)). 
It follows that the mapping 7r|(7r|(6', x), a) is weakly compact for each a £ A 
and b' £ B*. Hence 7r|(6',a;) G wapg(B), and so B*A C wapg(B). 
(2) Proof is similar to proceeding proof. 

□ 



16 



Example 2-30. 

i) Let G be a locally compact group and 1 < p < oo. We know that L P (G) is the 
left Banach i 1 (G) — module under convolution as multiplication. Assume that for 
all / £ L 1 (G), Lf : L P (G) — > L P (G) be the linear mapping such that Lfg = f * g 
whenever g e L P (G). Then, since L 1 {G)L P {G)** = L 1 (G)L P (G) C L P (G) for all 
1 < p < oo, by Theorem 2-28, Lf is weakly compact. 

It is the same that for all \x G M(G), the mapping from L P (G) into itself with 
L^f = /j, * f is weakly compact whenever 1 < p < oo. 

ii) Let G be an infinite compact group. Then we know that L 1 (G) is an ideal in 
its second dual, L 1 (G)**. Therefore, by using proceeding theorem and Proposition 
3.3, from [22], we have LUC(G) = L OD (G)L 1 (G) C wap{L 1 {G)) and RUC(G) = 
L 1 (G)L°°(G) C wap(L 1 (G)). By using Proposition 4.4 from [22], since wap{L 1 (G)) = 
G(G), we conclude that LUC{G) n RUC{G) C G(G), and so LUC(G) n RUC(G) = 
G(G). 

Let -B be a Banach A — bimodule and a" € A**. We define the locally topological 
centers of the left and right module actions of a" on B, respectively, as follows 

Zl„{B**) = Z<„(ttJ) = {b" e B** : Trf^V'.O = ^**V,0}, 
Za»(B**) = Z a »(7r*) = {fe" e B** : 7rJ****(6",a") = <**(&", a")}. 

It is clear that 

n z*„(s**)=^„( J B**)=^), 

f| Z al ,{B**) = Z A »{B**) = Z{% r ). 

a"£A" 

The definition of Z*„(A**) and Z V \A**) for some fe" 6 B** arc the same. 

Theorem 2-31. Let B be a Banach left A — module and A has a LBAI (e a ) a C A 

such that e Q ^> e" in A** where e" is a left unit for A**. Suppose that Z\,,(B**) = 
B**. Then, B factors on the right with respect to A if and only if e" is a left unit for 

Proof. Assume that B factors on the right with respect to A. Then for every b £ £>, 
there are x £ B and a £ A such that b = ax. Then for every b' £ £?*, we have 

(iri(b',e a ),b) = (b',TT((e a ,b)) = (ir^**(e a , b), b') 

= (ne**(e a ,ax),b') = (-ir^**(e a a, x), b') 

= (e a a,TTg*(x,b')) = (TT^*(x,b'),e a a) 

-+(*?(x,l/),a) = {b',b). 
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It follows that tt£(6', e a ) ^ b' in B*. Let b" € B** and (b^ C B such that b, 3 ^ b" 
in B**. Since Z'„(B**) = B**, for every b' G B* , we have the following equality 

(7rf *(e", 6"), & '> = Um lim (^ ^( e «, 6/j)> 

a ,3 

= limlim(6',Tr^(e a ,6fl)} = lim(6',6g) 

P a P 

= (b",b'). 

It follows that 7r|**(e", 6") = b", and so e" is a left unit for B**. 

Conversely, let e" be a left unit for B** and suppose that b G B. Thren for every 

6' G B*, we have 

(6',7r(e Q ,fe)) = (7T***(e a , &),&'} = (e a ,ir**(b, b')) = (ir**(b, b'), e a ) 

= (e",ir**(b,b')) = (n***{e", b), b') = (b',b). 

Then we have 7r^(b',e a ) — > b' in B*, and so by Cohen factorization theorem we are 
done. 

□ 

Corollary 2-32. Let B be a Banach left A — module and A has a LBAI (e a ) a C A 
such that e a ^ e" in A** where e" is a left unit for A**. Suppose that Z*„(B**) = 
B**. Then 7r £ *(6', e Q ) 4 &' in B* if and only if e" is a left unit for B**. 

Hu, Neufang and Ruan in [15], have been studied multiplier on new class of Banach 
algebras. They showed that how a multiplier on Banach algebra A to be implemented 
by an element from A is determined by its behavior on A* and A**, respectively. In 
the following we study some of these discussion on module actions with some results, 
see [15, Theorem 3]. 

For a Banach algebra A, we recall that a bounded linear operator T : A — > A is 
said to be a left (resp. right) multiplier if, for all a, b G A, T(ab) = T(a)b (resp. 
T(ab) = aT(b)). We denote by LM (A) (resp. RM (A)) the set of all left (resp. right) 
multipliers of A. The set LM{A) (resp. RM(A)) is normed subalgebra of the algebra 
L(A) of bounded linear operator on A. 

Let B be a Banach left [resp. right] A — module and T £ B(A, B). Then T is called 
extended left [resp. right] multiplier if T{a\a2) = 7r J ,(T(a 1 ), a^) 
[resp. T{a\a2) = Tre{ai, T(a2))] for all a\,a2 <E A. 

We show by LM(A, B) [resp. RM(A, B)] all of the Left [resp. right] multiplier ex- 
tension from A into B. 

Let a' E A*. Then the mapping T a > : a — > a' a [resp. R a ' a — > aa'] from A into A* 
is left [right] multiplier, that is, T a ' £ LM(A, A*) [R a , e RM(A, A*)]. T a , is weakly 
compact if and only if a' G wap(A). So, we can write wap(A) as a subspace of 
LM(A,A*). 

Theorem 2-33. Let B be a Banach A — bimodule with a BAI (e a ) a G A. Then 

(1) If T G LM(A, B), then T(a) = <**(&", a) for some b" G B**. 

(2) If T G RM (A, B), then T(a) = ir***{a, b") for some b" G B**. 
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Proof. (1) Since (T(e a )) a Q B is bounded, it has weakly limit point in B**. Let 
b" G B** be a weakly limit point of (T(e a )) a and without loss generally, take 
T(e a ) A b" . Then for every b' G B* and a £ 4, we have 

«**(&", a), 6') =lim(6', T(e a )o> = lim(6', T(e Q a)> 

a a 

= lim(T*(6'),e a a) = (T*(6'),a) = (6',T(a)). 

It follows that n;**(b",a) = T(a). 
(2) Proof is similar to (1). 

□ 

In the proceeding theorem, if we take B — A, then we have the following statements 

(1) If T G LM(A), then T(a) = a" a for some a" G A**. 

(2) If T G iJM(A), then T(a) = aa" for some a" e A**. 

Definition 2-34. Let B be a Banach left A — module and 6" G B**. Suppose that 
(&ct)a C B such that 6 Q ^> 6". Wc define the following set 

Z b n{A ) = {a e A : ir e (a , o Q j — > 7r f (a , o )}, 

which is subspace of A**. It is clear that Z b ,,(A**) C Z b ,,(A**), and so 

Z B ..(A**) = f| Z b »(A**)C p| Z b n{A**). 
b"eB" b"eB" 

For a Banach right A — module, the definition of Z*„(B**) is similar. 

Theorem 2-35. Let B be a left Banach A — module and T G B(A, B). Consider the 
following statements. 

(1) T = 4, for some kB. 

(2) T**{a") = 7r £ ***(a",6") for some b" G B** such that Z b .,{A**) = A**. 

(3) T*(B*) C SB*. 

Then (1) (2) (3). 

Assume that B has WSC. If we take T G i?M(A, B) and B has a sequential BAI, 
then (1), (2) and (3) are equivalent. 

Proof. (1) => (2) 

Let T = 4, for some 6 G B. Then T**(a") = ^*(a") = 7r|**(a", 6) for every a" G A**, 
and so proof is hold. 
(2) (3) 

Take a" G (BB*)^. Assume that 6" G B** and (b a ) a C B such that 6 Q ^ 6". For 
every 6' G B**, we have the following equality 

(a",T*(b')) = (T**(a"),b') = M"(a", b"),b') = lim^fV', b a ),bf) 

a 
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= Iim<o",7rr(6 a ,6')> = °- 

a 

It follows that T*{B*) C BB*. 

Take T G RM (A, B) and suppose that B is WSC with sequential BAI. It is enough, 
we show that (3) => (1). Assume that (e n ) n Q A is a £M7 for .B. Then for every 
6' G B*, we have 

| (6',T(e„))-(6 , J T(e m )) |=| (T*(b'),e n -e m ) |=| (7rf(6, 6'),e„ -e m ) 

= 1 (k, rf(b',e n ~ e m)) |=| (6',7i>(e„ - e m ,6)) |-» 0. 
It follows that (T(e n )) n is weakly Cauchy sequence in B and since B is WSC, there 
is 6 G B such that T(e n ) — > 6 in £?. Let a G A Then for every 6' G B* , we have 

(&',7r £ (a,6)> = (n* e (b',a),b))=lim(nt(b' > a),T(e n )) 

n 

= lim{6', 7T£(a, T(e n ))) = lim{&', T(ae n )) 

n n 

= lim(T*(b'),ae n ) = (T*(b'),a) 

71 

= (b',T(a)). 

Thus 4(a) = 7r £ (a, b) = T(a). 

□ 

Example 2-36. Let G be a locally compact group. Then by convolution multiplica- 
tion, M(G) is a L 1 (G)-bimodule. Let / G L 1 (G) and T( ( u) = for all ^ G M(G). 
Then T*{L°°{G)) C M{G)M{G)*. Also if we take T(/i) = / * /i for all /i G M(G), 
then we have T*( J L°°(G)) C M(G)*M{G). 
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